A sixteen-degree-of-freedom (16-DOF) lumped parameter dynamic model taking into account the gravity, eccentricity, bearing clearance, transmission error, and coupled lateral-torsional vibration is established. Based on the dynamical equation, the dynamic behaviors of the spur gear rotor bearing system are investigated by using Runge-Kutta method. The research focuses on the effect of rotational speed, eccentricity, and bearing clearance and nonlinear response of the coupled multibody dynamics is presented by vibration waveform, spectrum, and 3D frequency spectrum. The results show that the rotational frequency of the driven gear appears in the driving gear, and the dynamic characteristics of gears have obvious differences due to the effects of the gear assembly and the coupled lateral-torsional vibration. The bearing has its own resonance frequency, and the effect of the variable stiffness frequency of the bearings should be avoided during the system design. The results presented in this paper show an analysis of the coupled lateral-torsional vibration of the spur gear system. The study may contribute to a further understanding of the dynamic characteristics of such a spur gear rotor bearing system.
Introduction
It is known that the gear system is widely used in power and motion transmission device of modern rotating machineries, which are designed for high rotational speed, safety, and efficiency. The excitation and work environment have a very important effect on the entire machine. In order to understand dynamic behaviors of gear drives, it is very important to establish exact coupled lateral-torsional dynamic model of geared rotor system. In addition, due to the effect of gear meshing, the gear system presents different vibration characteristics to compare with simplified rotor system. One of the main features of gear model is that it has the coupled lateral-torsional vibration between the driving gear and driven gear. If the gear drive system does not consider the coupled lateral-torsional vibration, the calculation accuracy reduces and some important dynamic characteristics may be lost (torsional excitation may excite the lateral response and coupled lateral-torsional vibration causes new frequency component). In recent years, many researchers have made a great contribution to study dynamic characteristics of spur gear systems by, respectively, applying experimental methods, numerical simulation, and analytical methods [1] [2] [3] [4] [5] [6] . Lin [1, 2] established a torsional vibration model of gear rotor system and studied the parameter influence of meshing force, dynamic load, and tip relief. Raghothama and Narayanan [3] investigated the periodic motions of a nonlinear gear rotor bearing system by the incremental harmonic balance method (IHBM), and the periodic solutions and subharmonic solutions were obtained. Lund [4] and Iida et al. [5] proposed a dynamic model with coupled vibration of gear system, in which the lateral-torsional motion was considered. They provided effective method for dynamic design of the transmission system. Kahraman and Singh [6] studied the nonlinear dynamic characteristics of spur gear system with the HBM. In order to further study the nonlinear characteristics of gear transmission system, Kahraman and Singh [7] deduced the nonlinear dynamic equation of spur gear rotor system and the influences of various parameters were studied and they analyzed the nonlinear dynamic response of spur gear system with HBM and Runge-Kutta method. Due to the effect of time-varying mesh stiffness, 2 International Journal of Rotating Machinery Kahraman [8, 9] sequentially analyzed the effect of the gear rotor bearing system with the backlash and the time-varying meshing stiffness and carried out a detailed analysis to the nonlinear system. Sun et al. [10] analyzed the rotational and flexural vibration of a spur gear system considering the shafts, gears, and bearing. In addition, the influence of gear eccentric mass and tooth contact frictional force was taken into account on the system vibrations. The model of coupled bending and torsional nonlinear vibration was established for high-speed geared rotor bearing system by [11] [12] [13] . Kim et al. [14] proposed a new dynamic model for the gear set, considering translational motion. In addition, the pressure angle and the contact ratio were regarded as time-varying variables, and some dynamic response differences between the new and previous models were demonstrated. Based on both single-and multidegree freedom models, Velex and Ajmi [15] established a formal link between dynamic tooth loads and quasi-static transmission errors in helical gear sets. Bahk and Parker [16] developed the nonlinear dynamics of planetary gears by numerical and analytical methods over the meaningful mesh frequency ranges. The analytical solutions gave insight into the nonlinear dynamics such as jump phenomena, subharmonic resonance, and the impact. Faggioni et al. [17] presented a global optimization method focused on gear vibration reduction by means of profile modifications, which reduced the vibrations over a wide range of operating conditions and the optimum reliability was estimated using a Monte Carlo simulation. Litvin et al. [18] attacked the problem of gear noise using three-dimensional models (helical, hypoid, and worm gears), and two-dimensional parabolic modifications were optimal for noise reduction. Omar et al. [19] investigated dynamic response of a spur gear pair using a finite element/contact mechanics model, which offered significant advantages for dynamic gear analyses. Ma [20, 21] established a finite element model of a cracked gear coupled rotor system in a one-stage reduction gearbox and the effects of crack depth, width, initial position, crack propagation direction on gear mesh stiffness, fault features in time domain and frequency domain, and statistical indicators were investigated. Chang-Jian and Chen [22] presented a series of investigations into the dynamic behaviors of gear-bearing system with nonlinear suspension, nonlinear oil-film force, and nonlinear gear mesh force. The results provided an understanding of the operating conditions, where the undesirable dynamic motion took place in a gear-bearing system. Shen [23, 24] used the IHBM to analyze the nonlinear dynamics of a spur gear pair with arbitrary precision. In addition, the influence of the damping ratio and the excitation amplitude on frequency response curves was researched. Yang et al. [25] proposed a nonlinear time-varying dynamic model for right-angle gear pair system by considering both backlash and asymmetric mesh effects. And on this basis, a set of parametric studies were performed to determine quantitatively the effects of the variation and asymmetry in mesh stiffness and directional rotation radius on the gear dynamic responses. Wu et al. [26] studied the effects of tooth crack on the vibration response of a one-stage gearbox with spur gears. The growth in a tooth crack was reflected in the total mesh stiffness of the gear system. Walha et al. [27] adopted a gear impact theory based on the work and used lumped stiffness and damping representations to model the supporting bearing. Russo et al. [28] performed a lot of experiments to quantify the effect of lubrication on the idle gear rattle response of helical pairs inside an automotive gearbox. Han et al. [29] developed a new multibody dynamic model to predict the mesh force during gear rattle. The results show good agreement with the predictions of a single-degreeof-freedom theoretical model.
It can be seen from the previous references that the most of existing gear transmission system ignores the nonlinear support, shaft elastic deformation, and the gravity of the spur system. Hence, the gear rotor bearing system comprehensively including the eccentricity, bearing clearance, and other factors with a nonlinear dynamic model of coupled lateral-torsional vibration is rare. In order to obtain detailed analysis and master dynamic characteristics of spur gear rotor bearing system, it is necessary to establish precise dynamic model of the gear system. A requirement for reliable spur gear system design calculations is sufficient insight into the dynamics of the entire wind turbine drive train. To study the dynamic behaviors of the spur gear system which can indicate the meshing relations and the nonlinear characteristics, it is necessary to establish accurate mechanics model and suitable mechanism relation model. In this paper, considering the complex nonlinear factors, an analytical model is proposed by lumped parameter method, which can study the vibration characteristics of gear systematically. The vibration responses of the gear system and stability analysis are investigated in various cases. Moreover, a comprehensive physical parametric study is accomplished to evaluate the effect of various dynamic parameters such as rotational speed, eccentricity, and bearing clearance.
The structure of the paper is as follows. After this introduction, the dynamic model and vibration differential equation of gear rotor bearing system are presented in Section 2. In Section 3, the influence of the parameters on the characteristics and level of vibrations are studied. And the vibration responses of the coupled lateral-torsional system are analyzed. Finally, conclusions are drawn in Section 4. Figures 1 and 2 , respectively. In Figure 1 , The fixed coordinate -( = 1,2) is established at , which is the center ideal of the driving and driven gears.
Mathematical Model and Equations of Motion
-( = 1-4) represents the center ideal of bearings. In Figure 2 , 1 ( 1 , 1 ) and 2 ( 2 , 2 ) are the rotational centers of the spur geared rotors, respectively. 1 In order to keep the model formulations at a manageable level, it is assumed that the meshing line direction isdirection in coordinate system in Figure 2 . The torsional angular displacements of input/output and driving and driven gears are assumed to result from a constant angular velocity term ( = 1, 2) plus a small variation displacement ( ) ( = , 1, 2, ) due to vibrations originating from the flexibility of the gear meshing. Therefore, the angle displacements ( ) of the gears and input/output can be expressed:
where 1 and 2 are the constant angular velocity components of the driving and driven gears. The relationship between 1 and 2 and 1 and 2 is expressed as
In order to ensure the contact of teeth surface on meshing performance, it is assumed that the relative deformation of gear is completely changed into elastic deformation on teeth surface along with the mesh line direction. The meshing gears are connected through the spring and damping. Therefore, the comprehensive deformation between the driving and driven gears along the mesh line direction is expressed as
The dynamic meshing force along the line-of-action can be described as
where and represent the average meshing stiffness and damping. ( ) indicates the static transmission error, which can be described as follows:
here, and stand for the mean and fluctuation; is the gear meshing frequency, and = 2 1 1 /60 = 2 2 2 /60; is the initial phase. 1 and 2 are rotational speed of gears. Figure 3 shows the dynamic model of rolling bearing, bearing outer ring is fixed in bearing chock, and inner ring is fixed in shaft. The balls are uniformly distributed between outer ring and inner ring. V and V are velocities at the contact points between the rolling ball and outer/inner ring, which can be expressed as
The Dynamic Model of Rolling Bearing.
where and represent the radius of outer and inner track, respectively, and and are the angular velocity of outer and inner track, respectively.
Assuming that it is pure rolling between ball and outer/inner ring, the velocity of cage can be written as follows:
Generally, the bearing inner ring rotates together with shaft, and the bearing outer ring is fixed. Utilizing the relationships = 0 and = , the angular velocity of the cage is as follows:
The rotational angle of the th rolling ball at moment can be expressed:
where represents the number of rolling balls. Because the centrifugal force and gyroscopic moment are ignored, the contacting angular between rolling ball and bearing orbit and the contacting force are the same. The deformation of the th rolling ball can be expressed as
International Journal of Rotating Machinery 5 According to nonlinear Hertz contact theory, the contact force between the th rolling ball and the bearing orbits is ; at the same time, the normal stress can be only generated between the rolling ball and the bearing orbits when is greater than zero. So the force can be expressed by [30] = ( )
where is Hertz contact stiffness and ( ) represents Heaviside function and can be written as follows:
So the bearing forces ( and ) in -direction anddirection can be described as follows:
2.3. Equations of Motion. The model in this paper takes the average meshing stiffness of the spur gears without consideration of meshing backlash and friction. The meshing force in direction of contacting line on the tooth surface acts on the center of tooth width. A displacement vector of spur gear system can be defined from the pressure line coordinate system, as shown in Figure 2 . The generalized deformation vector can be expressed as follows:
where , , 1 , and 2 represent the torsional vibration angular displacement of input terminal, output terminal, driving gear, and driven gear, respectively. and ( = 1, 2) are the vibration displacement in -direction anddirection of driving and driven gears. and ( = 1-4) are the vibration displacement of bearings in -direction and -direction, respectively. Considering the unbalanced force, meshing torque, and input/output torque, the kinetic energy , the potential energy , and the dissipation function are established of the system. According to Lagrange's equation, the differential equations of the gear system can be expressed by following equations:
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where and ( = 1, 2) are the lateral stiffness and damping of shafts. and ( = 1, 2) represent the torsional stiffness and damping of shafts. and ( = 1-4) are the bearing damping in -direction and -direction;
and ( = 1-4) indicate the bearing force.
The Coupled Lateral-Torsional Vibration of Gear System
In this paper, the dynamical equations presented in (15) for the spur gear rotor bearing system with the gravity, input/output torque, transmission error, and eccentricity and coupled lateral-torsional vibration are investigated using the Runge-Kutta method. The key parameters are investigated to obtain a basic understanding of the dynamic behaviors of the spur gear system. Table 1 summarizes the geometrical and physical parameters of spur gear system. Let rotational speed, eccentricity, and bearing clearance be control parameters in the following analysis. Figure 4 is the time domain waveform and the frequency domain response, respectively, at 1 = 500 r/min of the driving and driven spur gears and the corresponding dynamic response of the left bearing in -direction anddirection (local frequency domain responses are shown in some figures). 1 and 1 represent vibration displacements of the driving spur gear. 1 and 1 are the left bearing vibration displacements of corresponding left bearing. 2 , 2 , appears in -direction but the harmonic characteristic indirection is more complicated. From the frequency domain response of the driving gear (Figure 4(a2-b2) ) and bearing (Figure 4(c2-d2) ), it can be found that the waveform change 3 Hz) appears in -direction at gear and bearing position. It also observes that a larger amplitude of the bearing variable stiffness frequency 3 (52 Hz) and frequency multiplication components (2 3 , 3 3 ⋅ ⋅ ⋅ 6 3 ) appear indirection of the driving gear in Figure 4(a2) , and 3 is the dominated frequency response. However, the frequency components are different from the characteristics in -direction. The meshing frequency , frequency multiplication ( 3 , 2 3 ), and rotational frequencies 1 ( 1 /60 = 8.3 Hz) and 2 ( 2 /60 = 33.3 Hz) obviously appear. The amplitude of meshing frequency is obviously higher than other frequency components. For driving bearing, it shows the obvious bearing variable stiffness frequency 3 and multiple frequency components. The amplitudes of other frequency components are relatively lesser in -direction. The frequency components in -direction of the bearing are more complicated. The meshing frequency and rotational frequencies 1 and 2 are also exhibited. Figure 4 (e1-h1) shows the lateral vibration responses of the driven gear. From the waveform, it can be seen that the vibration amplitudes in -direction anddirection have an obvious difference, which is caused by two intermeshing gears. In addition, the high-order frequency component appears in -direction of driven gear and bearing. In Figure 4 Figure 5 shows the torsional vibration of the gears. It can be seen from Figures (a1)-(b1) that the vibration displacement of the driving gear is positive and the vibration displacement of the driven gear is negative. The phenomenon is mainly caused by the coordinates and meshing characteristic. Torsional amplitude of the driven gear is higher because of the different torsional stiffness of shaft. From the frequency domain response, it can be found that the rotational frequencies 1 and 2 and the meshing frequency are shown in Figure 5 (a2∼b2), in which the meshing frequency component is the dominated response, and the amplitudes are much different between driving gear and driven gear.
Based on the above analysis, it is clear that the coupled lateral and torsional vibration of the gear system presents complex dynamic characteristics due to the influence of the gear assembly characteristics, gear geometry parameters, and the support bearing nonlinearity. The rotational frequencies, meshing frequency, the bearing variable stiffness frequency, and frequencies combination appear, which makes the vibration waveforms become more complicated. Due to the influence of the coupled lateral-torsional vibration, the lateral harmonic frequencies (rotational frequencies and meshing frequency) appear in rotational directions, but the bearing variable stiffness frequency does not appear. In order to analyze and investigate nonlinear characteristics of the systems in detail, it is very necessary for them to be systematically carried out by studying the rotational speed, gear eccentricity, and bearing clearance with the coupled lateral and torsional vibration, which are discussed in the following chapters. Figure 6 that the harmonic components have obvious difference of vibration waveforms. Namely, not only do the higher-order harmonic components have some increase, but also the vibration amplitudes have growth to some extent in -direction and -direction. The vibration amplitude in -direction is higher than those indirection (it is in accordance with the proposed analysis), and the waveform features become more complicated. In the figures of frequency domain response, the frequency combination and frequency multiplication of the gears and bearing obviously appear in -direction and -direction. The amplitude of 2 in -direction of the driving gear becomes largely obvious, but 1 and the variable stiffness frequency multiplication, and frequency combination components have some significant differences, and the behaviors of the spur gear rotor bearing become more complicated.
The torsional vibration of the driving and driven gears is shown in Figure 7 at 1 = 700 r/min. Comparing Figure 5 with Figure 7 , the positive and negative torsional vibration responses have no difference with the rotational speed fluctuation, and the vibration amplitudes have little increase. In the frequency domain response, it can be seen that the rotational frequencies 1 and 2 and the meshing frequency appear obviously. In addition, the rotational frequency 2 is higher significantly, which is the dominated response in torsional direction of the driving gear.
The above part proposes a detailed analysis of the vibration characteristics with 1 = 500 r/min and 1 = 700 r/min. In order to analyze more deeply the spur gear system with changing rotational speed, the 3D frequency spectrum of the system under different rotational speed condition is shown in Figure 8 (only the dynamic responses of gear are given). With the increasing of the rotational speed, in -direction, the variable stiffness frequency 3 reaches a response peak of gears at 1 = 900 r/min ( 2 = 3600 r/min), which illustrates that the bearing has its own variable stiffness frequency. Therefore, the effect of the frequency component of the bearing should be avoided during the system designing work. In addition, other frequency components have no significant change. In -direction, the rotational frequency component 1 slightly appears. The rotational frequency 2 and meshing frequency are the main frequency. However, the changing trends for different frequency component are in an opposite way. The meshing frequency indirection decreases gradually; the rotational frequency 2 increases with changing rotational speed of the driving gear. In addition, the rotational frequency 2 of the driven gear increases firstly and then decreases. Figure 8 (c1-c2) shows 3D frequency spectrum of the gears in torsional direction. It can be seen that the rotational frequencies f 1 and f 2 and meshing frequency appear obviously. 1 has no change evidently, and 2 increases firstly and then decreases, but the peaks appear in a different position. The meshing frequency of driving gear in torsional direction strongly decreases and increases in torsional direction of the driven gear. Comparing the 3D frequency spectrum in lateral direction and torsional direction, it can be seen that the variable stiffness frequency components are the main characteristics of driving and driven gears in -direction. The rotational frequency 2 and meshing frequency are the dominated response, and other frequency components obviously appear, which is the same result as that in the previous analysis. In addition, the amplitudes in torsional direction are larger than those in lateral direction. Therefore, the torsional vibration is the dominated response. characteristics and frequency components of gears and bearings have obvious differences in -direction and -direction with increasing gears' eccentricity; in particular the vibration amplitude of gear and bearing significantly increases, but the fluctuation trend is almost invariant. For the driving gear, the vibration amplitude in -direction is obviously higher than that in -direction. It also can be found from the 3D frequency spectrum that the variable stiffness frequency 3 is still the main frequency in -direction. In addition, the rotational frequency 1 and frequency multiplication 3 3 appear significantly, but the frequency amplitudes have almost no change. The frequency amplitudes are higher in -direction and the frequency components become more complicated (some components need to enlarge). Besides, the amplitude of 2 is the dominated component with the increasing eccentricity. For the driving bearing, 3 and 1 and frequency multiplication (2 3 , 3 3 , . . .) also obviously appear, and the frequency amplitudes have no obvious increase with the increasing of eccentricity. Comparing Figure 9 (e1-h1) with Figure 4(e1-h1) , it can be found that the vibration amplitudes become higher in -direction and -direction when eccentricity increases; the harmonic components of waveform have no obvious change. The comparison proves that the frequency multiplication components become more obvious and the vibration amplitudes are higher. Indirection, 2 becomes the dominated response. For the driven bearing, the frequency combination components disappear gradually, and the frequency multiplication components (2 2 , 3 2 , . . .) are more prominent. The rotational frequency 2 is still the main frequency component. According to the previous analysis, it can be found that the vibration characteristics of the driving gear/bearing are similar to the driven gear/bearing ones, which may be associated with the flexibility of shafts.
Analysis of the Effect of the Eccentricity. In this section, the eccentricity of driving and driven gears enlarges from
Comparing Figure 5 with Figure 10 , it can be found that the torsional vibration amplitudes of gears increase obviously, and the waveforms have obvious fluctuation. Besides, the frequency components have no obvious change. However, the amplitudes of the rotational frequencies and the meshing frequency components increase gradually, which are almost one time higher. The frequency components of driven gear are relatively high in the frequency spectrum, which is related to the flexibility of driven shaft and is also the main frequency component. Therefore, it can be seen that the eccentricity has obvious effect on the amplitudes of the gear in rotational direction. The detailed analysis will be shown in the following section.
In above analysis, the response characteristics with 1 = 2.0 × 10 −6 m and 2 = 2.0 × 10 −5 m and 1 = 4.0 × 10 −6 m and eccentricity. For the driving gear, the rotational frequency 1 increases gradually, the variable stiffness frequency 3 appears as the minimum value when the eccentricity reaches 1 = 5.0 × 10 −6 m, but the frequency multiplication (2 3 ) increases firstly and then decreases slightly in -direction. The amplitude of 2 and variable stiffness frequency amplitude 3 increase gradually with the increasing of eccentricity in -direction, and the meshing frequency component presents a state of fluctuating increase. However, due to coupled lateral-torsional vibration, 2 appears in -direction. For the driven gear, 2 becomes the main frequency in xdirection, which is due to the high rotational speed of driven gear, and the amplitude of 2 presents a state of fluctuating increase with the changing of the eccentricity. In addition, the variable stiffness frequency 4 exhibits, but the amplitude has no obvious change. The meshing frequency component only appears in -direction, and the amplitude increases slightly. Moreover, the frequency multiplication and random frequency components do not appear. In torsional direction, the amplitudes are similar to the driving and driven gears with the change of eccentricity. 1 , 2 , and components are the dominated responses in rational direction. In addition, the frequency amplitudes increase gradually and the frequency amplitude of driven gear is higher than those of driving gear. Based on that previous analysis, with the changing of eccentricity, the frequency components in all positions are increasing, but they are not monotonic increase, and the change tendency of frequency is basically identical.
Analysis of the Effect of the Bearing
Clearance. This section will analyze the influence of the bearing clearance.
The vibration characteristics caused by changing bearing clearance are similar to the foregoing ones. Because of the limited space, this paper does not discuss the time domain response, and Figure 12 presents the 3D frequency spectrum of the key positions. For the driving gear, it can be found that the frequency 3 is the dominated response, and the amplitude shows obvious jump discontinuity with the changing of the bearing clearance in -direction. The amplitudes of 1 and the frequency multiplication (2 3 ) are relatively lesser, and the change trends are not obvious. Moreover, the rotational frequency 2 and the meshing frequency are obvious in -direction and is the dominated response. The bearing variable stiffness frequency 3 also appears, but 1 is not obvious. In addition, the amplitude 2 decreases with fluctuation and random frequency components mainly concentrated on 2 nearby. For the driven gear, because of the high rotational speed, the rotational frequency 2 appears obviously. The frequency component is relatively simple indirection, in which the rotational frequency 2 is the main frequency, the bearing variable stiffness frequency 3 appears slightly, and others are not obvious. The amplitude of 2 increases gradually. With the increasing of bearing clearance, the frequency amplitude 2 in -direction decreases firstly and then increases, but the phenomenon is not obvious. In addition, the meshing frequency component has no significant change. The 3D frequency spectrum in torsional direction of the gears is shown in Figure 12 (c1-c2). It can be seen that 1 and components are the main frequency response. The amplitude of 1 decreases gradually with the changing of bearing clearance. Moreover, the rotational frequency 1 and meshing frequency are dominated response in driven gear; the frequency amplitudes have almost no changes. Based on the results studied in the previous sections, it can be seen that the bearing clearance has a significant effect on the dynamic characteristics. Therefore, the vibration features of bearing clearance are sensitive and more attention needs to be paid to the designing work.
Conclusion
A 16-DOF lumped parameter dynamic model taking into account the gravity, eccentricity, bearing clearance, transmission error, and coupled lateral-torsional vibration is established. The effects of rotational speed, eccentricity, and bearing clearance are investigated. Based on the results of the parametric study presented in the previous section, the conclusions can be summarized as follows:
(1) Because of the intermeshing of gears, there is a coupled relationship between the lateral vibration and the torsional vibration of the spur gear rotor bearing system. Hence, for the system, it is very necessary to take into account the coupled lateral-torsional vibration. (2) Due to the effects of coupled lateral-torsional vibration, the rotational frequency 2 and variable stiffness frequency 3 components obviously exist in the driving gear. The rotational frequencies 1 and 2 and the meshing frequency components are very obvious in the torsional vibration, which have different characteristics with the changing of the rotational speed.
The bearing has its own resonance frequency, and the effect of the variable stiffness frequency of the bearing in system should be avoided during the system design stage.
(3) With the increasing of the eccentricity, the vibration amplitudes of gears increase gradually and the frequency multiplication and random frequency components become obvious. Therefore, it is necessary to avoid the gear eccentricity. In addition, the processing gear eccentricity and installation error should be given full attention. The bearing clearance has a greater effect on the dynamic characteristics of the system. Selecting the appropriate bearing clearance can reduce the vibration amplitude. Therefore, the bearing clearance needs to pay more attention to the designing work.
